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where, G is the classical Green's function for the Laplacian on the ball, B
r
= fx 2 <
n
; kxk < rg;
r > 0 and n  1: In Section 1, we show that, 
y











are radially symmetrical test functions. In Section 2, we deal with the Talenti's formula and the
Lane-Emden function, in order to illustrate this radially symmetrical Green's function I
r
. In
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1 The Spherically Symmetrical Green's function
Let us put, B
r
= fx 2 <
n
; kxk < r g; where n  1; and consider the well-known Green's function
for ; on B
1





















jx  yj; if n = 1:
The classical Green's function for the Laplacian, on B
1
is ,
G(x; y) =  (x; y)   (xkyk;
y
kyk
); if y 6= 0
G(x; 0) =  (x)   (1):
Lemma 1 Let us suppose that, n  2, for a xed x 6= O, suppose that, 0 < kyk < kxk, then
G(x; y) = G(x;O) + o^(x; y);














: Let us x x 2 B
1
: If y 2 B
kxk
; then,





































































: We see that,






















































































































































































































As kyk < kxk; and lim
kyk!0







f 1 + (x; y)g = 0:
This ends the proof of Lemma 1, when n  3:























































































































































































= 0 and lim
kyk!0







So we infer that,
lim
kyk!0









or a(x; y) = 2









  2 < x; y > :
If n = 1; let us put sg(y) =
y
jyj
; if y 6= 0: We have,
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(jxj   1) +
1
2


































  2xy + 1

Under the hypothesis of the lemma, G(x; :) is a regular function of y, so we have,
G(x; y) = G(x; 0) + y
@G
@y































































(y) = 0; if y =2 
:
Lemma 3 If n  2; (x; y) 6= (O;O) and kxk 6= kyk, then
G(x; y) = I(x; y) + o( (min(kxk; kyk); O)):
Proof
If, kxk 6= kyk, we have,









If kyk < kxk , we use Lemma 1 to get,
G(x; y) = G(x;O) + o ( (O; y)) :
If kyk > kxk, as G(x; y) = G(y; x); we use Lemma 1 again, to get,
G(x; y) = G(y;O) + o ( (O; x)) :
So we obtain the conclusion of the previous lemma.
Denition 1 Let D (B
1
), be the set of functions which are C
1






), the set of functions of D (B
1
), which are radially symmetrical, with respect to
the origin.
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Remark 1 8x 2 B
1









Proposition 1 8x 2 B
1






I(x; :); ' >=< Æ
x
; ' >; where Æ is the Dirac
distribution.
Proof
































  1)'(y)dy; and one can verify that,
< 
y
I(O; :); ' >= '(O):
Let ,  (y) = kyk
2 n






















































































As ' is radially symmetrical, we infer that,
< 
y







If n = 2; and ' is a radially symmetrical function which belongs to D (B
1
); then, as in the case
n  3; we use the Divergence Theorem, the Green's Identity and set  (y) = log kyk: We get,
< 
y


























































If n = 1; let ' be an even (radially symmetrical) function, which belongs to D (]  1; 1[); then
< 
y

































































( jtj)  (jtj   1)'
0





('( jtj) + '(jtj)) = '(jtj):
If we consider a ball B
r

































(log kxk   log r)
B
kxk




















; for n = 1;
we obtain,







(x; :); ' >=< Æ
x
; ' > :
Proof
The same proof, as in the unit ball case(cf. Proposition 1).
Remark 2 I(x; y) = I(kxk; kyk); that's why we have named it a Spherically Symmetrical
Green's Function.
2 Applications
Let us give two simple illustrations of this function.
2.1 Talenti's formula
The Talenti's formula gives an isoperimetric inequality for solutions of rearranged linear elliptic
problems (cf. [13]).
Let us consider the semilinear elliptic problem
(1)
(





u = 0 on @B
1
;













































As G is the Green's function for , on B
1







As I(x; :) = Æ
x












































































































































































Let us now consider a solution v of the linear elliptic problem,
(3)
(
u(x) + f(kxk) = 0 in B
1
;
u = 0 on @B
1
:




























is the decreasing rearrangement of the function f ;
f


















); 8x 2 B
1
:
As f is decreasing, one can infer that v is a radially symmetrical decreasing function.
Let us state the following standard lemma,
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; we infer that, v(x)  v^(x): Let us suppose that, v(x) < v^(x): As v is




; such that, kx
0
k < kxk and v(x) < v(x
0

















; which gives a contradiction.









































So, replacing g by f in (2); we infer that (2) is a generalization of (4).
Let us suppose that in (1), we only look for nonnegative solutions u and g is a nonnegative
decreasing function with respect to the rst variable and is increasing with respect to the second
one, g(r; 0) 6= 0: Using the Maximum Principle and [4], we see that any nonnegative solution u
of (1) is a radially decreasing function and f(r) = g(r; u(r)) is also a decreasing function. So we
see again that under the previous hypotheses, (2) and (4) are the same expression.
2.2 The Lane-Emden function









u+ (1 + u)
2





u  0; in B
1
u = 0 on @B
1
:
For the interest of this mathematical model, see [3]. It is known (cf. [11],[3], [1],[8], [10]) that
there exists a critical eigenvalue 

(2), such that (P

) admits two solutions if 0 <  < 

(2),
one solution if  = 

(2) and no solution if  > 

(2). The minimal solution is analytical(cf.
[12],[10], [9]). Let u be a solution of (P

); then u is radially symmetrical decreasing with respect
to the radius r (cf. [4]).







(r) = 0 ;
v(0) = 1; v
0
(0) = 0:
This function arises in the equilibrium of polytropic gaseous spheres (cf.[2]); one can also see
[6], [7] and [14], for mathematical viewpoints.
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Proposition 4 Let us suppose, 0 <   















c)  1 = 0:
Proof







, be the minimal solution of (P

















































































































































































































;8i 6= 0 and a
0
0


















































= 0; 8i  1:













= 0; 8 i  1:























































































c)  1; where; c = (1 + a
0
):





c)  1 = 0:
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This radius of convergence was described as "a complicated task, not yet elucidated"(cf. [7],
p.359).
Let us show that the previous series is alternating. As d
0









































which gives the conclusion.










It is immediate to see (by induction) that, jd
2n



















2(2(n + 1) + 1)






































































So we deduce that, r
0
 1: As jd
2n




























= 0 in B
1
;
v > 0; in B
1




Proposition 6 Let u be the unique solution of (P ), then
p
















: As, u is radially
symmetrical and analytical on [0; 1], so is v on [0;
p
u(0)]: The maximum principle implies that,








= 0: As, u
0
(0) = 0, we infer that, v(0) = 1 and v
0
(0) = 0: So we infer that,








Let us name 
1
the rst zero of ': This number 
1
is important for physics models (cf. [2]). This
constant is estimated in [2] (see p.95): 
1
= 4:35287: In [7] (see p.360), the estimation, 
1
= 4:353
is given. In [7], we also have a minoration of r
0





, see also [2], p.95.
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